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SMALL INTO-ISOMORPHISMS BETWEEN SPACES
OF CONTINUOUS FUNCTIONS. 11
BY
YOAV BENYAMINI'

ABSTRACT. We construct two compact Hausdorff spaces, X and Y, so that C(X)
does not embed isometrically into C(Y), but for each ¢ > 0, there is an isomorphism
T, from C(X) into C(Y) satisfying || fIl < [IT,fIl <(1 + ¢)ll fIl for all f € C(X).

Introduction. In [2] we prove that if X and Y are compact Hausdorff spaces, with
X metrizable, then the only “small” into-isomorphisms from C(X) into C(Y') are the
“small” perturbations of into-isometries. More precisely, if 0 <e<1, and T:
C(X) » C(Y) satisfies | fIl < ITfIl < (1 + &)l fl for all f € C(X), then there is
an isometry W from C(X) into C(Y) with ||IT — W || < 3e.

It was shown in [2], that this is no longer true if X is not assumed to be metrizable.
For every € > 0, we constructed two spaces X, and Y,, with a (1 + &)-isomorphism
T: C(X,) - C(Y,), so that [T, — W >2 for all isometries W from C(X,) into
().

The purpose of this note is to give a much stronger counterexample. We construct
two spaces X and Y, so that for every ¢ > 0, there is an isomorphism T,: C(X) —
C(Y) satisfying || fIl <IT,fIl<( + el fll for all f€ C(X). Yet there is no
isometry whatsoever from C(X) into C(Y).

The idea of the construction goes as follows: For a fixed n = 1, we start with a
pair of spaces B C B, so that there is a (1 + 1/n)-simultaneous extension operator
from C(B) into C(B,)—but not of strictly smaller norm. Next we embed B, in a
space Y, so that X, = Y,\(B,\ B) is closed, and there is a natural (1 + 1/n)-
simultaneous extension operator from C(X,) into C(Y,), ie. a (1 + 1/n)-
isomorphism of C(X),) into C(Y,). The construction Y, is done so that the “relative
position” of B in Y, is very rigid: Every isometry of C(X,,) into C(Y,) will—essen-
tially—induce a norm one simultaneous extension operator from C(B) into C(B,),
which is impossible. This shows that there is no isometry from C(X,) into C(Y,),
and the final example is obtained by taking the one-point-compactifications of
disjoint copies of the X,’s and Y,’s, respectively.

The construction of Y, uses the existence of an uncountable family of strongly
noncomparable compact Hausdorff spaces. For the sake of completeness we describe
such a construction (due to R. Bonnet [5]) in §4.
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Our notation and terminology are standard. All topological spaces will be Haus-
dorff, and all operators will be linear and bounded. We treat the real case
only—hardly any change is needed for the complex case.

ACKNOWLEDGEMENT. It is a pleasure to thank M. Rubin for the detailed refer-
ences and description of rigid and uncomparable spaces. We also thank S. Shelah for
clarifying for us the construction in §4 when CH is not assumed.

1. Preliminaries. We start with a well-known description of into-isometries be-
tween spaces of continuous functions.

LEMMA 1. Let X and Y be two compact spaces so that C(X) embeds isometrically
into C(Y). Then there is a closed subset F of Y, a continuous map ¢ from F onto X, and
an isometry W of C(X) into C(Y), so that (Wf)y) = f(e(y)) for all y € F and
f e C(X).

PROOF. Let U be an isometry of C(X) into C(Y'), and put &( y) = (U1)(y) (where
1 is the function identically 1 on X). It is well known (see e.g. [8]), that there is a
closed subset F of Y, and a continuous map ¢ from F onto X, so that | &(y)|= 1 for
y € F, and (Uf)(y) =e(y)f(p(y)) for y € F and f € C(X). The isometry W is
defined by (Wf)(y) = e(y)(Uf X(y) forally € Y and f € C(X).

The next two lemmas summarize the properties of the spaces B, B, and the
strongly noncomparable family K, which will be needed in the construction. The
spaces B and B, will be described in §3, and the K’s in §4.

We first recall some definitions and notation. By w,; we denote the first uncounta-
ble ordinal, as well as its cardinality. We denote by ) the one-point-compactification
of a discrete set of cardinality w,.

A compact space is called CCC, if every collection of mutually disjoint open sets
is at most countable.

If K is a compact space, and H is a closed subset of K, then a simultaneous
extension operator (SEO) from C(H) into C(K), is a bounded linear operator S:
C(H) - C(K) so that Sf|,, = f for all f € C(H).

LEMMA 2. There is a compact space B, and for each n = 1,2,... a compact space B,

containing B, so that:
(i) There is a SEO S,: C(B) —» C(B,) with IS, =1 + 1/n.

(ii) Every relatively open subset of B contains a compact subset H, which is a retract
of B, and so that if S: C(H) —» C(B,) is SEO then ||S|| =1+ 1/n.

(iii) If K is a (Hausdorff) continuous image of a closed subset of B,, and if K is
CCC, then K is metrizable;

(iv) There is a dense subset {b,: o < w,} of B, so that every uncountable subset of
the b,’s contains a further subset whose closure in B is homeomorphic to .

LEMMA 3. There is an uncountable family {K ,: a < w,} of compact spaces, so that:
(i) The different K ’s are strongly noncomparable: if S is a closed subset of K ., and
@ is a continuous map from S into Kg so that @(S) has nonempty interior, then
necessarily a = .
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(i1) Each K, is hereditarily CCC, i.e. every closed subset of K, is CCC. (In
particular K, does not contain a subspace homeomorphic to 9.)
(iii) Every closed metrizable subset of K, has empty interior.

2. The example. Let B, B,, {b,} and {K,} be as in Lemmas 2 and 3. We construct
the space Y, by “replacing” each of the points b, in B C B, by the space K,. To
make this precise, choose for each « a point b, € K, and let Y, be the set obtained
from the disjoint union B, U (U_K,) by identifying each point b, € B with the
point b, € K. (Thus from now on we shall not distinguish between b, and b,, and
we shall use the same notation, b,, for both.)

The following sets will constitute a subbase for the topology on Y,:

For each fixed a, the open subsets U of K, so that b, & U.

For each fixed a, the sets of the form VU {U{Kp: by € V, B # a}} U U, where
V is an open subset of B, and U an open subset of K, containing b,.

It is easy to check that this defines a compact Hausdorff topology on Y,, which
gives the original topology on B, and on each of the K, ’s. Moreover, a net (y,)
converges to a point y, where y, € K, and a, # a, iff y € B and b, — y. (This
topology can be realized as a ““ porcupine topology” as defined in [4].)

It follows that B\ B is an open subset of Y,, and we define X, = Y,\(B,\ B). The
set X, is a closed subset of Y,, and since the K ’s were “glued” to B, at points of B,
the spaces X,,, for different n, are mutually homeomorphic.

The following lemma summarizes some simple properties of X, and Y,.

LEMMA 4. With X, and Y, as above we have:

(a) There is a SEO, T,: C(X,) » C(Y,)with IT,l =1+ 1/n.

(b) Every relatively open subset V of B, contains a compact subset H so that
(b-i) there is a norm one SEO from C(H) into C( X,) and

(b-ii) there is no norm one SEO from C(H) into C(Y,).

PrOOF. (a) Let S,: C(B) — C(B,) be the SEO given by Lemma 2(i). Define T,,:
C(X,) - C(Y,) by
f(»), yEX,,
S.(f1s)(»), y€B\B.

It is easy to check that Tf € C(Y,) and extends f, and that |7, || = IS, Il =1 +
1/n.
(b) Let H be the subset of V given by Lemma 2(ii). It is easy to check that the map

_|x, x€EB,
r(x) = b, x€K,

a

(TF)(») = {

is a retraction of X, onto B. Since H is a retract B, it follows that there is a retraction
q from X, onto H. Setting (Sf )(x) = f(q(x)) gives a norm one SEO from C(H) into
C(X,), thus proving (b-i).

To prove (b-ii), assume T: C(H) —» C(Y,) is a SEO, and let R: C(Y,) — C(B,) be
the restriction operator. It follows that RT: C(H) — C(B,) is a SEO, and by Lemma
23i), IRT|l =1+ 1/n.Since ||R]| = 1 it follows that |IT]| =1+ 1/n> 1.
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The next lemma contains the main idea of our construction. We first need some
notation. Since all the spaces X, are mutually homeomorphic, and can be naturally
identified, we let Z be the space homeomorphic to the X,’s, and we put ¢,: Z - X,
to be the natural homeomorphism. We shall also want to distinguish between the
copies of K, in the different Y,’s, so we denote by K(a, n) the copy of the space K,
in Y,. Let Y be the one-point-compactification of the disjoint union of the Y,’s, and
let p be the point of infinity.

LEMMA 5. Let F be a closed subset of Y, and let ¢ be a continuous map from F onto
Z. Then there is an N and a relatively open subset V of B, so that ¢, (V') C F, and so
that (Yy(v)) =v for all v € V. In particular, ¢ is one-one on Y(V) and is a
homeomorphism on y(H) for any compact subset H of V.

PROOF. Let U be an open subset of Z so that U N B % @ and so that ¢(p) & U.
(If p& F we can just take U= Z.) Since ¢(p) & U, there is an M so that
o (U) C UM Y,

Fix now any « so that b, € U N B. We shall prove the following claim:

Thereisan 1 <n < M so that F N K(a, n) + @, and a point s, € F N K(a, n) so
that ¢(s,) € K,,.

Once the claim is proved, the lemma follows. Indeed, fix any point b € BN U
and find a net b, of different points in B N U converging to b. (This is possible,
because {b,} is dense in B.) Let s, be the points guaranteed by the claim, and by
passing to a subnet if necessary, we can assume that there is a 1 < nj, < M, so that
5, € FN K(a,, ngy) for all ». By the definition of the topology on Y, and Z, it
follows from b, — b and the fact that 5, € K(a,, ny) and ¢(s,) € K, , that we
also have s, -, (b), and @(s, ) — b. Since F is closed s, — ¥, (b) implies that
¥, (b) € F, and then the continuity of ¢ gives that (¢, (b)) = b.

If we put, for n<M, A, = {b € B: {,(b) € F and ¢({,(b)) = b} the above
argument shows that the claim implies that UN B C UM 4, . Since each 4, is
closed, it follows from the Baire category theorem that one of the A4,’s, say 4,, has
nonempty interior in B, which is exactly what we had to prove.

We now prove the claim.

Fix any a so that b, € U N B. We shall show that there is a 8 and n < M, so that
F N K(B, n) # &, and so that o(F N K(B, n)) has nonempty interior in K. By the
strong noncomparability of the different K’s (Lemma 3(i)), it follows that neces-
sarily 8 = a, proving the claim.

Now K is hereditarily CCC, and thus for each n, (F N B,) N K, is CCC, hence
metrizable (by Lemma 2(iii)). Lemma 3(iii) now implies that K, N (U @(F N B,))
is of first category in K.

Assuming, for contradiction, that o(F N K(B, n)) N K, has empty interior in K,
for all B and all n < M, we will proceed by transfinite induction to find an
uncountable set 4 C w;, and for each f € A ann < M and a points; € F N K(B, n)
with ¢(sg) € K, and @(sp) 7 ¢(s,) forall B # y in 4.

Indeed, since (U @(F N B,)) N K, is of first category in K ,, while

o(F)DK,NU,
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there is a B, and n < M so that K(B,, n) N F # & and a point 55 € K(B,,n) N F
so that p(sg ) € K\ U, @(F N B,).

Inductively, having already chosen a countable subset 4, C «, and points 5z €
K(B, ng) N F for B € A, the union

U o(Fn K(B,n))

BeA,
n<M

u(Ue(rns,)

n

is of first category in K, and ¢(F) D K, N U; thus thereisa B & Ay, n < M and a
point s, € F N K(B, n), so that ¢(sz) € K, but ¢(sp) is not in the above union.
This defines 4. In particular @(sg) # ¢(s,) for all y # B in A4, and since 4 is
uncountable, we can assume that there is a fixed n,, so that s; € K(B, n,) for all
BEA.

By Lemma 2(iv) there is an uncountable subset A" of A, so that the closure of
{¥n(bg): B € A’} in ¢, (B) is homeomorphic to 9. The topology on Y, then implies
that also the closure of {sg: 8 € A’} is homeomorphic to ). But ¢ is one-one on {s,:
B € A'}, and thus the closure of {¢(sz): B € A’} in K, is also homeomorphic to D,
and this contradicts Lemma 3(ii). Thus such an uncountable procedure is impossible,
and there is a B8 and n so that ¢(K(B, n) N F) has nonempty interior in K. This
implies the claim, and hence the lemma.

We are now ready for the example. The space Y was already defined, and we take
X to be the one-point-compactification of a countable disjoint family of copies of Z.

THEOREM. C( X)) does not embed isometrically into C(Y') but, for every € > 0, there
is an isomorphism T: C(X) - C(Y) satisfying | fIl < ITfIl < + &)l fIl for all
f € C(X).

PROOF. Fix any ¢ > 0. We first construct a (1 + ¢)-isomorphism from C(X) into
C(Y). Indeed, fix N > 1/¢, and identify X as the closed subset { p} U (U _,X,) in
Y. Let T: C(X,)— C(Y,) be the SEO given by Lemma 4(a), and define T:
C{p} U (U, .y X))~ C(Y) by

O’ ye Un<N an
(71 )(») = { f(p), y=r,
T(fx)(») y€Y, . n=>N.

It is easy to check that T is a SEO of norm 1+ 1/N <1 + ¢ and thus a
(1 + &)-1somorphism of C(X) into C(Y).

To prove the other part of the theorem, we show an even stronger result: There is
no isometry from C(Z) into C(Y).

Indeed, assume such an isometry exists, and find, using Lemma 1, a closed subset
F of Y, a continuous map ¢ from F onto Z, and an isometry W from C(Z) into
C(Y)sothat Wf(y) = f(e(y)) forally € F.

By Lemma 5, there is a relatively open subset V' of B, and an N, so that
Yy(V) C F, and so that (Yp(v)) =vforallv € V.
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To save cumbersome notation, we shall now identify Z with X,,. (I.e. ¢ will be
the identity map and ¢(v) = v for all v € V. The isometry W will be considered as
an operator from C( X, ) into C(Y).)

Let H C V be as in Lemma 4(b), and let Sy: C(H) - C(X,) be a norm one SEO.
Let Ry: C(Y) — C(Yy) be the restriction operator; then || R WS, || = 1. Moreover,
if f€ C(H), and y € H then RyWS, f(y) =y (because then y € V and ¢(y) =y
on V), i.e. RyWS) is a norm one SEO from C(H) into C(Yy), which is impossible
by Lemma 4(b-ii).

3. The spaces B and B,. Let B be the unit ball of a Hilbert space, say /,(I"), where
[ has cardinality w,. Let {e.: v <} be the unit vector basis for /,(T'). Equipped
with the weak topology, B is a compact Hausdorff space.

LEMMA 6. Let V be an open subset of B. Then V contains a compact subset H,
homeomorphic to B, which is a retract of B.

PrOOF. Fix v € V with |lv|l < 1. There exists a finite subset Iy of T' so that
H = {b € B: b(y) = v(y) for all y € I,;} is contained in V (because V is weakly
open). Also, it follows from || v]| < 1 that H is homeomorphic to B.

To define a retraction from B onto H, put a = (3 |v(y)]*)'/? and let
£:10,1] = [0, 1] be a continuous function so that f(a) = 1 and a* + (1 — t?)f}(t) <
1 for all 0 < ¢ < 1. Define now r: B - H by

U(Y)’ VASEYY
A((3r16(8)2))b(v). veL,.

It is clear that r is continuous, and that r(b) = b for b € H (because f(a) = 1).
Alsoif b € B, putz = (Sr | b(B) [*)'/?, then

I = a2+ 730 3 16(BIF) <@+ 12001 - ) =<1,
Berl,
and thus r(b) € H for all b € B.

We identify C(B)* with the space of regular Borel measures of B. For each n, put
B, = {p € C(B)*: lipll <1+ 1/n}. Equipped with the w*-topology, B, is a com-
pact Hausdorff space, and we identify B as a closed subset of B, by considering
every b € B as the unit-mass measure concentrated at b.

PROOF OF LEMMA 2. (i) Define S, by the formula (S, f)p) = [fdu for all
f€ C(B)and p € B,.

(i1) Let V' be a relatively open subset of B, and let H C V be as in Lemma 6. Let
2, be the set of all measures in B, whose support is contained in H. =, is a closed
subset of B,, and it can be identified with {u € C(H)*: [lpll <1 + 1/n}.

It was proved in [1] that every SEO T: C(B) — C(B,) satisfies |T|l =1+ 1/n.
Since H is homeomorphic to B it follows that every SEO T: C(H) — C(Z,), satisfies
ITI=1+ 1/n. Let now S: C(H) — C(B,) be a SEO, and let R: C(B,) - C(Z,)
be the restriction operator. Then RS: C(H) - C(Z,) is a SEO, and it follows that
1+ 1/n<|IRSI <ISI.

r(b)(y) = {
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(iii) The space B, is an Eberlein compact, and by [3] a continuous image of an
Eberlein compact is itself an Eberlein compact. It is well known (see e.g. [3]) that a
CCC Eberlein compact is metrizable.

(iv) The set {b,: a < w,} of all vectors in B with finite support and rational
coordinates is a dense subset of B with cardinality w,. Given any uncountable family
{b,: a € A} of these, there is an uncountable subset A’ C 4, so that the supports of
{b,: a € A’} are quasidisjoint, i.e. there is a finite subset I, of I' so that for each
y & I}, there is at most one a € A" with b (y) # 0 (see e.g. [7, p. 87)).

Since I, is finite, and the coordinates of the b,’s are rational, it follows that the
uncountable set 4’ has a further uncountable subset A” so that there is a fixed vector
v, supported in T, and such that b, | = v |, for all « € 4”. But it now follows
that the closure of {b,: @ € A"} is exactly {v} U {b,: @ € A"}, and it is homeomor-
phic to 9.

4. The spaces K,. For the sake of completeness, we reproduce in this section, a
construction due to R. Bonnet [5] of a family of strongly noncomparable spaces. To
avoid inessential technical details, we present the construction under the Continuum
Hypothesis. In the general case, the only essential modification is needed in Lemma
8, where the condition that {q € Q: f(q) # ¢} is at most countable, is replaced by
the condition that its cardinality is less than that of the Continuum. We refer the
reader to [5] for the details.

The spaces K, are constructed as the Stone spaces of certain Boolean algebras.
The reader is referred to [6] for the properties of Boolean algebras and their Stone
spaces which we use freely. (We use, however, the term Stone space, rather than
Boolean space as in [6].)

Let P be a subset of R, and denote, for a, b € P, the set {p € P: a <p < b} by
[a, b). We also allow @ = —o0 or b = + o0, where we understand [-o00, b) to be
{pEP:-00 <p<b).

Let B(P) be the Boolean algebra of all subsets of P of the form U [a,,_,, a,;)
fora, <a, < ---<a,, in P. (We also allow a, = -0, a,,, = + c0.) We denote by
K(P) the Stone space of B(P). The space K(P) is compact, Hausdorff and totally
disconnected. Its clopen sets can be identified with the elements of B(P).

LEMMA 7. Every closed subset of K(P) is a retract of K(P).

PROOF. Let S be a closed subset of K(P), and identify it as the Stone space of
B = B(P)/J for some ideal J in B(P). Let 7: B(P) — B be the quotient map. The
set O = {m(—o0, p): p € P} is a set of pairwise comparable generators for B. Let o:
Q — B(P) be an increasing one-one map, so that m(o(q)) = ¢ for all ¢ € Q. Using
the fact that elements in Q are pairwise comparable and that ¢ is increasing, it
follows that o extends to an isomorphism (still devoted by o) of B into B(P), so that
m(o(b)) = b for all b € B. The isomorphism o is induced by a continuous map ¢
from K(P) onto S, and the condition wo(b) = b for all b € B implies that ¢ is a
retraction.

The main feature of the spaces K(P) is that the order structure of the set P is
reflected in its topology. In order to use this phenomena, we shall need the following
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rather surprising lemma. (This lemma of R. Bonnet generalizes an earlier result of
W. Sierpinsky [9].)

LEMMA 8. Assume the Continuum Hypothesis. Then there exists an uncountable
subset P of R, such that if Q is any subset of P and f. Q — P is any strictly monotone
function (decreasing or increasing) then {q € Q: f(q) ¥ q} is at most countable.

PRrROOF. For each strictly monotone function f defined on a subset of R, let G( f)
denote the closure of the graph of f. Since there are only w, closed subsets of R?, we
can write all these “closed graphs” as a transfinite sequence {G,: a < w,}. If
G = G(f) is such a “closed graph”, it need not be a graph of a function, and even if
it is, it need not be a graph of a strictly monotone function. But it “almost” is such a
graph: There are at most countably many values of x such that there are y # z so
that either (x, y) and (x, z) are both in G, or (y, x) and (z, x) are both in G. For
each a < w,, denote by 4, this countable set of exceptional points for G,.

We now define P by transfinite induction: We choose p, arbitrarily. Having
chosen { pg: B < a}, we choose p, in the complement of the countable set

{Ps: B<a) U (U (45 B<a})
U {x: 3B,y <awith (p, x) €G,,or (x, pg) €G,}.

Assume now that Q C P is uncountable, and f: Q — P is strictly monotone, and
find « so that G, = G(f). Let @, C Q be the countable set {g € Q: ¢ = p; or
f(q) = pg for some B < a}. We shall show that f(q) = g for all ¢ € O\ Q,. Indeed,
assume g = pg and f(q) = p,, and then, by the choice of Q), B,y > a, and we shall
show that y # S is impossible.

Case (i). B > v: In the yth step, p, was chosen to be a point where G, is a one-one
function (i.e. p, & 4,). In particular, there is at most one x so that (x, p,) € G,. In
the Bth step, pg was chosen to be a point different from this x. Thus ( pg, p,) & G,,
and f(pg) # p,-

Case (ii). B <y: In the Bth step, p; was chosen in the complement of 4, so that
there is at most one x satisfying ( pg, x) € G,. In the yth step, p, was chosen to be
different from this x, so again ( pg, p,) € G, and f( pg) # p,.

PrOOF OF LEMMA 3. Let P be the set constructed in Lemma 8, and let {P,:
a < w,} be a partition of P to w, disjoint uncountable sets. By discarding at most
countably many points from each P,, we obtain a subset P, of P, so that for each
a <b, P N [a, b) is uncountable whenever it is nonempty. We now put K, = K(P,).

PROOF OF (i). Since S is a retract of K,, we can assume (replacing ¢ by ¢ o r,
where r: K, — S is the retraction) that § = K. Similarly, by retracting in Kg, we
can assume that @(K,) is a clopen subset of K, determined by [a, b) C P,. The map
@ induces an isomorphism, y, from the Boolean algebra of clopen subsets of ¢(K,)
into B(P,), and we consider the uncountable family of pairwise comparable ele-
ments {Y[a, q): ¢ €[a, b) N P} in B(P,), and write each of them in the form

¥la,q) = U™Pa,,_(q), a5,(q)), with a,(q) < a,, (q) in P,.
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By passing to an uncountable subset Q of [a, b) N Py, we can assume

(1) m(q) = m s constant for g € Q;

(2) for each i < 2m, the map g — a,(q), for ¢ € Q is either constant or one-one;

(3) for each 1 <i < m there is a rational number r,, with a,,_,(q) <r, < a,;(q)
forallg € Q.

Let now j < 2m be the first index so that ¢ - a;(q) is one-one (such a j exists
because ¢ is one-one), and assume, say, that j = 2k is even. Since the k th intervals
of Y[a, q) contain the fixed point r, for all ¢ € Q, and since g > g, implies that
Yla, q) D Yla,q,), we must have that a,,(q) > a,,(q,) for all g >gq, in Q, ie.
q — a,(q) is strictly increasing on Q. Similarly, if j is odd, ¢ — a;(q) is strictly
decreasing on Q.

Thus we have found a strictly monotone map from an uncountable subset
Q C P, C P into P, C P. Since P, N Py = & when a # B, the construction of P
implies that a = .

PROOF OF (ii). It is clear that each K, is CCC: Each disjoint family of clopen
subsets in K, induces a disjoint family of intervals in R, hence is countable. Since
the closed sets of K, are retracts of K, this is inherited to all closed subsets of K ,.

ProOOF OF (iii). Every open subset of K, contains a nonempty clopen subset,
determined by an interval [a, b) in P,. Since such intervals, if nonempty, are
uncountable, it follows that every clopen subset of K, contains uncountably many
different clopen subsets, and hence is nonmetrizable.
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